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Abstract 

In this paper, we establish a large deviation principle for a fully non-linear 
stochastic evolution equation driven by both Brownian motions and Poisson 
random measures on a given Hilbert space H. The weak convergence method 
plays an important role. 
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1 Introduction 

In this paper, we are concerned with large deviation principles for stochastic evolution equa- 
tions (stochastic partial differential equations (SPDEs) in particular) of jump type on some 
Hilbert space H: 

X t e = X e - [ A(Xl)ds + ^lf a{s,X t s )d(3{s) + e [ [ G{s,X e s _,v)N e ~\dsdv). (1.1) 
Jo Jo Jo Jx 

Here A is an (normally unbounded) linear operator on if, X is a locally compact Polish 
space. (3 = (A)£i is an i-i-d. family of standard Brownian motions. N e is a Poisson random 
measure on [0,T] x X with a a-fmite mean measure e~ l \x ® v, \t is the Lebesgue measure 
on [0,T] and v is a a— finite measure on X. iV e x ([0,t] x B) = iV e_1 ([0,t] x B)- e~Hu{B), 
\/B e S(X) with v{B) < oo, is the compensated Poisson random measure. 

Large deviations for stochastic evolution equations and stochastic partial differential 
equations driven by Gaussian processes have been investigated in many papers, see e.g. [7], 
0,0, [15]) [IS]- The situations for stochastic evolution equations and stochastic partial 
differential equations driven by Levy noise are drastically different because of the appear- 
ance of the jumps. There is not much work on this topic so far. The first paper on large 
deviations of SPDEs of jump type is [H] where the additive noise is considered. The case of 
multiplicative Levy noise is studied in [TB] where the large deviation was obtained on a larger 
space ( hence with a weaker topology ) than the actual state space of the solution. Recently, 
a new approach to large deviations of measurable maps of Poisson random measures (PRM) 
and Brownian motion (BM) was introduced in [5] based on variational representations of 
certain functionals of PRM and BM. One of the key elements in this approach is to prove 



1 



the weak convergence of random perturbations of the corresponding equations. So the un- 
derline topology is a very important factor to consider when establishing large deviations. 
In the new preprint [6], the authors applied the criteria in [5] to obtain a large deviation 
principle for stochastic partial differential equations driven by Poisson random measures 
on some nuclear spaces where tightness of measures are relatively easy to establish. Often 
the real state space of the solution of a stochastic partial differential equation is a smaller 
Hilbert space contained in the nuclear space. This makes it interesting to directly consider 
large deviations on the actual state space. 

The aim of this paper is to establish a large deviation principle for a fully non-linear 
stochastic evolution equation driven by both Brownian motions and Poisson random mea- 
sures like ( II -ip on a given Hilbert space H. We will apply the criteria in [5]. Among other 
things , we need to prove the tightness of the solutions of random perturbations of the 
equation (II. ip on the space D([0,T];H). To this end, we split the time interval [0,T] into 
[0, to] and [to, T] for a given arbitrarily small positive constant to > because two different 
treatments are needed for these two intervals. This also make the proofs involved. 

Finally we mention that large deviations for Levy processes on Banach spaces and large 
deviations for solutions of stochastic differential equations driven by Poisson measures in 
finite dimensions were studied in [T], [2J. 

The rest of the paper is organized as follows. In Section 2, we recall the general criteria 
of large deviations obtained in [5] and formulate precisely the stochastic evolution equations 
we are going to study. Section 3 is devoted to the proof of the large deviation principle. A 
number of preparing propositions and lemmas will be proved in this section. 

We end this section with some notations. For a topological space £, denote the corre- 
sponding Borel a- field by B{£). We will use the symbol " ==>- " to denote convergence in 
distribution. Let N, No, R, R+, M d denote the set of positive integers, non-negative inte- 
gers, real numbers, positive real numbers, and d-dimensional real vectors respectively. For 
a Polish space X, denote by C([0,T],X), D([0, T],X) the space of continuous functions and 
right continuous functions with left limits from [0,T] to X respectively. For a metric space £, 
denote by M b (£), C&(£) the space of real valued bounded $(£)/£>(R)-measurable maps and 
real valued bounded continuous functions respectively. For p > 0, a measure v on £, and 
a Hilbert space H, denote by L p (£, u; H) the space of measurable functions / from £ to H 
such that J £ \\f(v)\\ p u(dv) < oo, where \\-\\h is the norm on H. For a function x : [0, T] — > £, 
we use the notation xt and x(t) interchangeably for the evaluation of x at t e [0, T\. Similar 
convention will be followed for stochastic processes. We say a collection {X e } of ^-valued 
random variables is tight if the probability distributions of X e are tight in V(£) (the space 
of probability measures on 5). 

2 Preliminaries 

In the first part of this section, we will recall the general criteria for a large deviation principle 
given in 0. To this send, we closely follow the framework and the notations in [6] and [5]. 
In the second part, we will precisely formulate the stochastic evolution equations we will 
study. 
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2.1 Large Deviation Principle 

Let {X e , e > 0} = {X e } be a family of random variables defined on a probability space 
(fi, J 7 , P) and taking values in a Polish space (i.e., a complete separable metric space) £. 
Denote expectation with respect to P by E. The theory of large deviations is concerned 
with events A for which probability F(X e G A) converge to zero exponentially fast as e — > 0. 
The exponential decay rate of such probabilities is typically expressed in terms of a "rate 
function" / mapping £ into [0, oo]. 

Definition 2.1 (Rate function) A function I : £ — >■ [0, oo] is called a rate function on £, 
if for each M < oo the level set {x G £ : I(x) < M } is a compact subset of £. For A G B(£), 
we define 1(A) = inf^^ I(x). 

Definition 2.2 (Large deviation principle) Let I be a rate function on £. The sequence 
{X e } is said to satisfy the large deviation principle on £ with rate function I if the following 
two conditions hold. 

a. Large deviation upper bound. For each closed subset F of £, 

limsupelogPpT G F) < -1(F). 

b. Large deviation lower bound. For each open subset G of £, 

limsupelogPpr G G) > -1(G). 

e->0 

If a sequence of random variables satisfies a large deviation principle with some rate 
function, then the rate function is unique. 

2.2 Poisson Random Measure and Brownian Motion 
2.2.1 Poisson Random Measure 

Let X be a locally compact Polish space. Let AipcOQ be the space of all measures v 
on (X, i3(X)) such that v(K) < oo for every compact K in X. Endow AipcOQ with the 
weakest topology such that for every / G C C (X) (the space of continuous functions with 
compact supports), the function v — > (f,v) = J x f(u)dv(u), v G MfcO^) * s continuous. 
This topology can be metrized such that A^fc(X) is a Polish space (see e.g. [5]). Fix 
T G (0, oo) and let X^ = [0, T] x X. Fix a measure v G Ai fcOQ, an d let vt — <H> v i where 
At is Lebesgue measure on [0,T]. 

We recall that a Poisson random measure n on Xy with mean measure (or intensity 
measure) v T is a M. FC {1L T ) valued random variable such that for each B G B(K T ) with 
vt(B) < oo, n(B) is Poisson distributed with mean v T (B) and for disjoint Bx, • • • ,B k G 
£>(X T ), n(fix), • • • , n(B k ) are mutually independent random variables (cf. [IS])- Denote by 
P the measure induced by n on (M fc (^t), B(Mfc(^t)))- Then letting M = MfcO^t), 
P is the unique probability measure on (M, £>(M)) under which the canonical map, iV : 
M — 7- M, N(m) = m, is a Poisson random measure with intensity measure vt- With 
applications to large deviations in mind, we also consider, for 9 > 0, probability measures 
Pe on (M, B(M)) under which iV is a Poissson random measure with intensity duj-. The 
corresponding expectation operators will be denoted by E and Kg, respectively. 

Let Y = X x [0, oo) and Y T = [0,T] x Y. Let M = M fc (^t) and Jet P be the unique 
probability measure on (M, B(M)) under which the canonical map, N : M — > M, N(m) = m, 
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is a Poisson random measure with intensity measure v T = X T eg) v ® A^, with A^ being 
Lebesgue measure on [0, oo). The corresponding expectation operator will be denoted by E. 
Let T t = cr{N((0, s] x A) : < s < t, A G B(Y)}, and let T t denote the completion under P. 
We denote by V the predictable a-field on [0, T] x M with the filtration { T t : < t < T} on 
(M, B(M)). Let J[ be the class of all (V <g> B(X))/#[0, cx))-measurable maps ^ : X T x M ->■ 
[0, oo). For <f & A, define a counting process on X^ by 

N*>((p,t] x [/) = / / l [0iV(iia! )](r)JV(dstfadr), * G [0,T],C7 e B(X). (2.2) 

J(0,t]xU i(0,oo) 

is the controlled random measure, with ip selecting the intensity for the points at 
location x and time s, in a possibly random but non-anticipating way. When (p(s,x,m) = 
9 E (0, oo), we write iV^ = N e . Note that N 9 has the same distribution with respect to P 
as N has with respect to Fg. 

2.2.2 PRM and BM 

Denote C([0,T],R°°) by W, where M°° is the infinite product space of the real line R and 
endowed with the product topology. Let V = W x M . Then let the mapping iV : V — > M be 
defined by N(w, m) = m for (w, m) e V, and let f3 = be defined by f$i{w, m) = Wi for 

(w,m) E V. Define the a- filtration Q t := a{N((0,s] x A),pi(s) : < s < t, A e B(Y),i > 
1}. For every 9 > 0, Fg denotes the unique probability measure on (V, B(V)) such that : 

(a) is an i.i.d. family of standard Brownian motions. 

(b) N is a PRM with intensity measure 9vt- 

If controlled Poisson random measure is also considered, we set V := W x M, and let the 
mapping TV : V — > M be defined by N(w, m) = rh for (w, m) G V accordingly. Analogously, 
we define (Pg,Q t ). We denote by {Ft} the P— completion of {Gt} and V the predictable 
(7-filed on [0,T] x V with the filtration {T t } on (V,B(V)). Let A be the class of all 
(V ® S(X))/B[0, oo)-measurable maps ^:X T xV^[0, oo). Define Z : [0, oo) ->■ [0, oo) by 

l(r) — rlogr — r + 1, r G [0, oo). 

For any <p G A the quantity 

L T (v9) = / l(ip(t,x,uj))iST(dtdx) (2.3) 

is well defined [0, oo]-valued random variable. 
Let if be a separable Hilbert space. 
Define function space 

C 2 := : ip is V \ B{H) measurable and / \\ip{s) \\ 2 H ds < oo, a.s. - P}. (2.4) 

Set W = £ 2 xA Define Lr(ip) := | J T ||^(s)||^ ds for ^ G £ 2 , and L T {u) := L T (^) + 
L T (ip) for u = (V>, <f). 
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2.3 A General Criteria 

In this section, we recall a general criteria for a large deviation principle established in [5]. 
Let {G e } e >o be a family of measurable maps from V to U, where V is introduced in Section 
12.2.11 and U is some Polish space. We present below a sufficient condition for large deviation 
principle (LDP in abbreviation) to hold for the family Z e = Q e (^(3, eN e ), as e — > 0. 
Define 

S N = {g:X T ^ [0, oo) : L T (g) < N}, (2.5) 

and 

S N = {f:L 2 ([0,T}:H): L T (f) < N}. (2.6) 
A function g G S N can be identified with a measure z/f, G M, defined by 

i4(A) = / g(s,x)u T (dsdx), AeB{X T ). 

J A 

This identification induces a topology on S N under which S N is a compact space, see 
the Appendix of [6]. Throughout we use this topology on Set S N = S N x S' iV . Define 
§ = Utv>i S N ] an d let 

U N = {u = (ip, ip)eU: u(u) G S N , P a.e. w}, 

where W is introduced in Section 12.2.21 

The following condition will be sufficient to establish a LDP for a family {Z e } e>0 defined 
by Z 6 = Q%y/ip,eN^). 

Condition 2.1 There exists a measurable map Q° : V — > U stzc/i #icrf the following hold, 
a. For N G N, /et (f n ,g n ), {f,g) G 5*^ 6e smc/i i/iai (f n ,9n) ~> as n oo. T/ien 

f n (s)ds,v 9 T n )^g°([ f(s)ds,u 9 T ) in U. 

6. For IVgN, let u e = (ip e , <p e ), u = (tp, <p) G U N be such that u t converges in distribution 
to u as e — > 0. Then 

G e (yfe(3+ [ ^ t {s)ds : eN e ~ l ^)^Q\f if;(s)ds,u%). 
Jo Jo 

For G U, define § = {(f,g) G § : = G°( J f(s)ds, 4)}. Let / : U -> [0, oo] be 
defined by 

7(0) = inf {L T (g)}, G U. (2.7) 

<?=(/,<?) £§0 

By convention, 7(0) = oo if = 0. 

The following criteria was established in [5]. 

Theorem 2.3 For e > 0, Ze* Z e be defined by Z e = g e (y/e/3,eN e ~ ), and suppose that 
Condition \2.1\ holds. Then I defined as in \2. 7| ) is a rate function on U and the family 
{Z e } e> o satisfies a large deviation principle with rate function I. 
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For applications, the following strengthened form of Theorem 12.31 is useful. Let {K n C 
X, n = 1, 2, • • • } be an increasing sequence of compact sets such that U^ =l K n = X. For each 
n let 

A~b,n = {tp £ A: for all (t,u) G [0,T] x M, n > (p(t,x,u) > l/n if x G K n 

and (p(t,x,u) — 1 if x G 

and let A = U^ =1 A,n- Define W w = W w fl {(■0, 0) : G A}- 

Theorem 2.4 Suppose Condition \2. 1\ holds withU N replaced byU N . Then the conclusions 
of Theorem \2.3\ continue to hold . 

2.4 SPDEs 

In this section we introduce the stochastic partial differential equations (SPDEs in addrevi- 
ation) that will be studied in this paper. Let H, V be two separable Hilbert spaces such 
that V is continuously, densely imbedded in H. Identifying H with its dual we have 

V C H = H' cV, 

where V stands for the topological dual of V. Let A be a bounded linear operator from V 
to V satisfying the following coercivity hypothesis: There exist constants a > and Ao > 
such that 

2(Au, u) + Ao|M|# > a|N| y, for all ueV. (2.8) 
Example 2.5 Let H = L 2 (D), where D cK d is a bounded domain, and set 

V = H 1 2 (D)=~CY(D) H , 

where C^°(D) is the space of infinite differentiable functions with compact supports and the 
norm is defined as follows 

ll/ll 2 :=ll/lli 2 + liv/iii 2 . 

Denote by a(x) = (aij(x)) a matrix-valued function on D satisfying the uniform ellipticity 
condition: ^ 

-Id — a 0*0 < dd f or some constant c G (0, oo). 
c 

Let b(x) be a vector field on D with b G L P (D) for some p> d. Define 

Au = —div(a(x)Vu(x)) + b(x) ■ Vu(x). 
Then (EJj is fulfilled for (H, V, A) . 

Example 2.6 Stochastic evolution equations associated with fractional Laplacian: 

dY t = A a Y t dt + dL t , (2.9) 
Y = heH, (2.10) 

where A a denotes the generator of the symmetric a-stable process in R d , < a < 2. A a is 
called the fractional Laplace operator. L t stands for a Levy process. It is well known that 
the Dirichlet form associated with A a is given by 

w \ Tr , , s f f (u(x) — u(y))(v (x) — v (y)) , , 

£(u,v) = K(d,a) / / 1 —dxdy, 

J JR d xR d F — v\ 
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D{8) = {ue L 2 (R d ) : 

where K(d,a) = a2 a - 3 7r-^sm(^f)r(^)r(f ). We choose H = L 2 (R d ), and V = D{£) 
with the inner product < u,v >= £(u, v) + (u, v) L,ii R d\. 
Define 

Au = —A a . 

Then (12. 8 j) is fulfilled for (if, V, ^4). See [12] for details about the fractional Laplace operator. 

Assume that A* the adjoint operator of A, admits a complete system of eigenvectors; 
that is, there exists a sequence {e k , k > 1} G V that forms an orthonormal basis of H such 
that 

A*e k = ( k e k fork > 1. 

We assume < Ci < C2 < ■ ■ • — > 00 and denote by H^* = {h e H : \\A*h\\ 2 H < 00} 
the domain of A*. Suppose that the H cylindrical Brownian motion /3 admits the following 
representation: 

00 

A = ^/3fc(t)e fc 
k=i 

where 0k(t),k > 1 are independent standard Brownian motions. 

Denote by L 2 (H) the space of all Hilbert-Schmidt operators from H to H. Let a : 
[0, T] x H — > L 2 (H), G : [0, T] x H x X — > H be maps satisfying the following conditions: 

Condition 2.2 

There exists K(-) G L 1 ([0,T],M + ) such that 

(1 ) (Growth) For all t G [0, T\, and w G H, 

lkMllL(;o+ / IIG(i,«^)llW^)<^(0(i + ll*); 

</x 

(2) (Lipschitz) For all t G [0, T] ; and u 1( w 2 G H , 

\\a(t, Ul ) - a(t, u 2 ) \\\, H) + / \\G(t, u 1} v) - G(t, u 2 , v) f H u{dv) < K(t) \\ Ul - u 2 \\ 2 H . 
Consider the following stochastic evolution equation: 

X e t =X e Q - [ AX e s ds + Ve [ a(s,X e s )d(5(s) + e [ [ G{s, X s £ _,v)A> _1 (dsdv). (2.11) 
Jo Jo Jo Jx 

Here the precise definition of the solution to (12. lip is as follows. 

Definition 2.7 Let (V, B(Y), P, {^t}) be the filtered probability space described in Section 
[HH Suppose that X is a T^-measurable H-valued random variable such that E||X ||^ < 00. 
A stochastic process {X t e } tG [ 0iT ] defined on V is said to be a H-valued solution to 112.11]) with 
initial value Xq, if 

a) X\ is a H-valued Tt-measurable random variable, for all t G [0, T]; 

6) X € G -D([0, T],H) fl L 2 ([0, T], V) a.s.; 




\u[x) 



u{y)Y 



R d xR d 



\X 



\d+a 



dxdy < 00}, 
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c) For all t E [0, T], every <fi E V , 



(X14>) = (X o ,0>- [ (AXl<f>)ds + y/Z( [ a{s,XZ)dp(s),<l>) 

Jo Jo 

+e I [ (G(s,X e s _,v),<i))N e ~ 1 (ds,dv),a.s.. (2.12) 
Jo Jx 

Definition 2.8 (Pathwise uniqueness) We say that the H -valued solution for the stochas- 
tic evolution equation Ii2.ll}) has the pathwise uniqueness if any two H-valued solutions X 
and X' defined on the same filtered probability space with respect to the same Poisson random 
measure and Brownian motion starting from the same initial condition X coincide almost 
surely. 



3 Large Deviation Principle 

Assume X is deterministic. Let X e be the if-valued solution to (12. lip with initial value 
X . In this section, we establish an LDP for {X e } under suitable assumptions. 

We begin by introducing the map Qo that will be used to define the rate function and also 
used for verification of Condition 12. 11 Recall that § = \J N>1 S N , where S N is defined in last 
section. As a first step we show that under the conditions below, for every q = (/, g) E §, 
the deterministic integral equation 

X q t =X Q - [ AX q s ds+ [ a{s,X q s )f{s)ds+ [ [ G{s,X g s ,v){g{s,v) - l)v (dv)ds (3.13) 
Jo Jo Jo Jx 

has a unique continuous solution. Here q = (/, g) plays the role of a control. 
Let 

\\G{t,v)\\», H = sup H^^)ll^ {t)V) G [0 ,T] x X. 

U £H 1 + \\U\\H 

\\n( + Ml \\G(f 1 ui 1 v) - G{t,u 2 ,v)\\ H ( . > fnT]vY 
\\G{t,v)\\ ljH = sup , (t, v) E [0, T\ x X. 

U!,u 2 eH,ui^U2 \\ u l ~ U 2\\H 

Condition 3.1 (Exponential Integrability) Fori = 0, 1, there exists 5\ > such that 
for all E E B([0, T] x X) satisfying vt(E) < oo, the following holds 



f e s ^ G{s ' v) ^u{dv)ds < oo. 
Je 



Remark 1 Condition \3.1\ implies that, for every 82 > and for all E E £>([0,T] x X) 
satisfying vt{E) < 00, 

l e S2\\G(s,v)\\ , Hv ^ ds < ^ 

Je 

Now recall the following inequalities from [6], which will be used later. 
a) For a,b,a E (0, 00), there exists C(er) only depending on cr, such that 

ab < C{a)e aa + -(6 log 6 - b + 1) = C{a)e aa + -1(b); (3.14) 
o~ o 
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b) For each (3 > there exists Ci(/3) > 0, such that Ci(/3) — > as (3 — > oo and 

|x — 1| < Ci(/3)/(x) whenever \x — 1| > /3; 

c) For each /3 > there exists c 2 (/3) < oo, such that 

\x — 1| 2 < c 2 (/9)/(a;) whenever \x — 1| < /3. 
The following lemma was proved in [6]. 
Lemma 3.1 Under Condition \2.2\ and Condition \3.1[ for i = 0, 1 and every N G N, 

Cf 2 :=sup/ ||G(s,T;)||? H (^(s,«) + l)i/(du)ds<oo, (3.15) 



^£5^ </X T 



C$ := sup / ||G(s, v) \\i, H \g(s, v) - l\v{dv)ds < oo. (3.16) 
g es N Jx T 

We also need the following lemma whose proof can be found in Chapter III of [17J. 
Lemma 3.2 Assume that 

/ = /i + / 2 , /ia 2 ([0,T],n, / 2 g ^([O,! 1 ],^), 
m e H, 

then there exists a unique function u (denote by u' its derivative) which satisfies 

ueL 2 ([0,T],V)nC([0,T],H),u' eL\[0,T],V') + L\[0,T],H), 
(u t , 4>) = (u , 4>) - Jq(Au s , 4>)ds + f*(f s , 4>)ds, V0 G V, 
±(u,u) = 2(vf,u). 

Lemma 3.3 a). IfY e C([0, T],H), for any q = (f,g) G S, then 

a(.,y(.))/(0 G L'dO^H), [ G(;Y(-),v)(g(-,v) - l)v{dv) G ^([0, T], H); 

Jx 

b). IfY n G C([0,T], H) , n > 1 with C = sup n sup s6 r 0T i ||1^(s)||h < oo, then 

C N := sup sup / || / G{s,Y n (s),v){g{s,v) - l)v{dv)\\ H ds + / \\a(s, Y n (s))f(s) 

g =(/, g )e5 JV n l Jo Jx JO 

< oo. 
Proof: Since 

/ || / G(s,Y(s),v)(g(s,v)-l)u(dv)\\ H ds 

Jo Jx 

< [ [ \\G(s,Y(s),v){g(s,v)-l)\\ H v{dv)ds 

Jo Jx 

= 11 ^WFW^ ^v) -1|(1+ \\Y(s)\\ H )u(dv)ds 

Jo Jx 1 + \\ Y K S )\\H 
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< (1+ sup \\Y(s)\\ H ) f [ \\G(s,v)\\ , H 

s£\0,T] JO Jx 



\g(s, v) — l\i , (dv)ds, 



and by Condition I2.2[ 



' \\a(s,Y(s))f(s)\\ H ds < [ \\a(s,Y(s))\\ L2iH) \\f(s)\\ H ds 



JO 



the lemma follows from Lemma 13. 1L 



< [ t \\a(s,Y(s))\\l 2{H) ds+ f \\f{s)f H ds 
Jo Jo 

< [ t K(8)\\Y{8)\\* H d8+ t \\f(s)\\ 2 H ds 

Jo Jo 

< ( sup \\Y(s)f H ) [ T K(s)ds+ f\\f{s)\\lds, 
v se[o,ri 7 Jo Jo 



Theorem 3.1 Fix q = (f,g) G S. Suppose Condition \2.S\ and Condition \ 3.1\ hold. Then 
there exists a unique X q G C([0,T], H) such that for every <fi G V, 

(XI <j>) = (Xo, tf>) - f(XlA*<t>)ds+f(a{s,Xl)f{s),4>)ds 

Jo Jo 

+ j J(G(s,Xlv),<P)(g(s,v)-l)u{dv)ds. (3.17) 



Moreover, for fixed iVeN, there exists Cn > such that 

q eS N v se[o,T] 



sup ( sup \\X q s f H + [ T \\X*\\ 2 v ds) <C N . (3.18) 
■ies N v se[o,Tl Jo 7 



Proof: Existence of solution: Let Yo(t) := Xo,t > 0. Suppose Y n -\ has been defined, by 
Lemma [3.21 and Lemma l3.3[ there exists a unique function Y n G L 2 ([0,T},V) D C([0, T], H) 
such that 

(Y n (t),<P) = (X ,<f>)- [ (AY n (s),<P)ds+ [ (a(s,Y n ^(s))f(s),(f))ds 

Jo Jo 

+ / / (G{s,Y n ^{s),v){g{s,v) - l),(f>)iy{dv)ds, <f> G V; (3.19) 
Jo Jx 

and 

\\Y n+1 (t)-Y n (t)\\ 2 H 
= -2 f (A(Y n+1 (s)-Y n (s)),Y n+1 (s)-Y n (s))ds 



o 



+2 / ((a(s,Y n (s))-a(s,Y n ^(s)))f(s),Y n+1 (s)-Y n (s))ds 



+2 f [ (G(s,Y n (s),v)-G(s,Y n ^(s),v),Y n+1 (s)-Y n (s))(g(s,v)-l)u(dv)ds. 
Jo Jx 
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In view of ( E5D , 

\\Y n+1 (t)-Y n (t)\\ 2 H + a / \\Y n+1 (s)-Y n (s)\\ 2 v ds 

Jo 

< 2/ iK^YnCs))-^,^-!^)))/^)!^!!^!^)-^^)!!^ 



+2 / / iiG^y^^j-G^y^!^)^)!^!!^!^)-^^)!^!^^)-!!^)^ 

Jo Jx 



+a / ||y n+1 ( s )-y n ( s )||^ s 



< 2/ V^^I|y»(a)-^-i(s)lkll^n+i(s)-yn(s)lk||/(s)|kds 
Jo 

+a / ||y n+ i( s )-y n ( s )||^ s 

Jo 

\\G(s,Y n (s),v)-G(s,Y n „ l (s),v)\\ Hl 




Jx 



WY^-Y^s)^ 

\\Y n+ i(s) - Y n (s)\\ H \g(s,v) - l\u{dv)ds 



\\Y n (s)-Y n ^(s)\\ H 



t 

< C I K(s)\\Y n+1 (s)-Y n (s)\\ 2 H ds 



+c iiY^-Y^iiumwus 



+A / \\Y n+1 (s)-Y n (s)\\ 2 H ds 
Jo 

+ So (L ^ V ^ H ^^ " ^^j H y «( s ) - Y n ^(s)\\ H \\Y n+1 (s) - Y n (s)\\ H ds 

< C [ K(s)\\Y n+l (s)-Y n (s)\\ 2 H ds 
Jo 

+C f\\Y n (s)-Y n ^(s)\\ 2 H \\f(s)\\ 2 H ds 
Jo 

+A / \\Y n+1 (s)-Y n (s)\\ 2 H ds 
Jo 

t 

2 



+ j o (J iiG'( s ^)i| 1) ^( s ^)-iiK^))i|y n+ i(«)-yn(s)ii^d S 

We denote J(s) = if(s) + + J x \\G(s 1 v)\\ hH \g(s,v) - l|i/(cfo) + A , and set 

a n (t) = \\Y n (t)-Y n ^(t)\\ 2 H . 

The above inequality yields that 

a n +i(t) < C [ a n {s)J{s) ds + C [ a n+1 {s)J{s) ds, (3.20) 
Jo Jo 

and furthermore, we have 

a n+l (t)e- c ti J{s)ds J(t) < Ce- c f° J(s)ds J(t) / a n (s)J(s) ds 

Jo 
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+Ce- c fi J W dB J(t) / a n+1 (s)J(s) ds 
Jo 

Set A n+ i(t) = f* a n+ i(s) J(s) ds. It follows that, 

f A n+ i{t)e- c ti J{s)ds \ < CJ(t)e- c ti J{s)ds A n (t). 



d 
dt 



So that, 



A n+l (t)e- c ti J{s)ds < C J(s)e- c ^ J{u)du A n (s) ds. 



Thus, 



A n+l (t) < Ce c & J ^ ds J(s)A n (s)ds 



< Ce c ^ J{s)ds A n (t) I J(s)ds 

< C T A n (t). 

It follows from (13T20D that 



a n +i(t) < (C + C T ) [ a n (s)J(s) ds. (3.21) 
J o 

Iterating the above inequality, we get 

, N {C + C T ) n {^ J{s) ds) n , , , x 

a n+1 (t) < y - ' U ,° V ; '- x sup axO). (3.22) 

n! se[o,T] 

Therefore, we have 

oo 

y^q w+ i(t) < oo. 

n=0 

Hence there exists F £ C([0, T], if) such that lim^oo sup se r 0T i ||F(s) — F n (s)||# = 0. 
On the other hand, by Lemma 13.21 and Lemma 13.31 there exists a unique function Y' £ 
L 2 ([0,T],1/) nC([0,T],if) such that 

(Y'(t),<p) = (X ,<f>)- [ (AY'{s),<f>)ds+ [ (a(s,Y(s))f(s),<P)ds 



+ / / (G(s,Y(s),v)(g(s,v)-l),<t>)v(dv)ds, 0G V. (3.23) 



Using the same argument leading to (13.221) . we have 



lim sup \\Y'(s)-Y n (s)\\ 2 H = 0. (3.24) 

n ^°° se[o,T] 



Hence Y' = Y, t G [0, T] is a solution to (13171) . 
We have proved the existence of the solution. 
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Uniqueness: Assume X and X' are two solutions of equation f)3.17p . Then, as the proof 
of f)3.2ip . we have, 

sup \\X'(s)-X(s)\\ 2 H < (C + C T ) [ T \\X'(s)-X(s)\\ 2 H J(s)ds 
se[o,T] Jo 

By Gronwall's inequality, we conclude X' = X. 

Finally we prove the estimate (13.18p . By Lemma [3. 2[ we have 



ll**llr + « / KWvds 



< \\X o r H + 2 \\a(s,X!)\\ L2(H) \\f(s)\\ H \\X!\\ H ds 
Jo 

+2 [ [ \\G(s,Xlv)\\ H \\X!\\ H \g(s,v)-l\u(dv)ds + Xo I' \\X*\\ 2 H da 



JX 



\\Xo\\ 2 H + 2 / VW)\\f(s)\\H\\X«\\ 2 H ds 





2 /' / + \\X!\\ H )\\X!\\ H \g(8,v) - l\u(dv)ds 




o Jx 1+ \\Xl\\ H 



+A \\Xn 2 H ds 



< \\Xo\\ 2 h + C 




\\G(s,v)\\ 0!H \g(s,v) - l\u(dv)ds 



+2 / \\XZ\\l X + K(s) + \\f(s)Wi I + / \\G(8 t v)\\o^\g(8 t v)-l\v{dv) ds(3.26) 



(3.25) 



By Gronwall's inequality, 

sup \\X!\\% 

se[o,t] 



< c 



\\Xo\\ 2 h+ I I \\G(s,v)\\ 0>H \g(s,v)-l\v(dv)ds 
Jo Jx 

■t 



(3.27) 



xexp(C A + / K(s)ds+ / \\f(s)\\ 2 H ds + / / \\G(s, v)\\ , H \g(s, v) - l\u(dv)ds 
L Jo Jo Jo Jx 

By Lemma EH flg^S]) and fl3T27j) . we obtain flBTTgj) . 

■ 

We can now present the main large deviations result. Recall that for q = (f,g) G S, 
v^{dsdv) = g(s,v)i>(dv)ds. Define 



Q ( / f(s)ds, ff.) = X q for q—(f,g)&S as given in Theorem 13.11 
Jo 

Let / : D([0, T],H) ->■ [0, oo] be defined as in fl2~7D . 



(3.28) 



Theorem 3.2 Suppose that Condition \2. S\ and Condition \3. II hold. Then I is a rate function 
on D([0,T], H) , and the family {X e } e> o satisfies a large deviation principle on D([0,T], H) 
with rate function I. 
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The rest of the paper is devoted to the proof of this theorem. According to Theorem 12. 4[ 
we need to prove that Condition 12.11 is fulfilled. The verification of Condition 12.11 a) will be 
given by Proposition 13.31 Condition 12. li b) will be established in Theorem 13.51 and a number 
of preparing lemmas. 

Let T t , t > denote the semigroup generated by —A. It is easy to see that T t , t > are 
compact operators. For / G L 1 ([0, T], if), denote the operator 



Rf(t) = [ T t „J(s)ds, t > 0, 
Jo 



which is the mild solution of the equation: 

Z(t) = - [ AZ(s)ds+ [ f(s)ds. 
Jo Jo 

The proof of the following lemma was given in [T8] . 

Lemma 3.4 IfVc. L 1 ([0, T], if) is uniformly integrable, then y = R(T>) is relatively com- 
pact in C([0, T],H). 

We also need the following lemma, the proof of which can be found in [6]. 
Lemma 3.5 Let ft:[0,r]xX->lfefl measurable function such that 

\h(s, v)\ 2 u(dv )ds < oo, 



and for all 5 G (0, oo) 

exp(5\h(s, v)\)i'(dv)ds < oo, 



S E 



for all E G B([0,T) x X) satisfying u T (E) < oo. 

a). Fix N G N, and let g n , g G S N be such that g n — >■ g as n — >■ oo. Then 



n— s-oo 



lim / h(s, v )(g n (s, v ) — l)u(dv )ds = / h(s, v )(g(s, v ) — l)is(dv)ds; 



b). Fix N G N. Given e > ; there exists a compact set K e C X ; such that 



sup / / \h(s, v)\\g(s, v) — l\v(dv)ds < e. 
g£S N J[o,t] Jkz 

We now proceed to verify the first part of Condition 12.11 Recall the map Q° defined by 
f l3~28j) . 

Proposition 3.3 Fix JVGff, and let q n = (f n ,gn),c[ = {f,g) £ S N be such that q n —¥ q as 
n — )■ 00. Then 

G°([ fn(s)ds,4 n )-+g°([ f(s)ds,4) m C{[0,T],H). 
Jo Jo 
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Proof: 

Firstly, we prove that {G°(f Q f n (s)ds, t4")} n eN is relatively compact in C([0,T],H). 
By Theorem 13.11 and the relation between mild solution and weak solution, 



G°{ f n (s)ds,4 n )(t) (3.29) 
Jo 

= T(t)X + [ T(t-s)\a(s,X q "(s))f n (s)+ [ G(s, X qn (s),v)(g n (s : v) - l)u(dv)] ds. 

Jo Jx J 

By Lemma I3.4[ it is sufficient to prove that 

V = {ff(-,X*(.))/„(0 +J G(;X««(-),v)(g n (;v) - l)u(dv)} C L l ([0,T],H) 

is uniformly integrable. 

We know that T> is uniformly integrable in L 1 ([0,T],if) iff 

(I) There exists a finite constant K such that, J Q ||/i(s)||#ds < K, for every h G T>,; 

(II) For every rj > there exists 5 > such that, for every measurable subset A C [0, T] 
with Xt(A) < 5 and every heV, f A \\h(s)\\gds < rj. 

In fact (I) follows from Lemma 13.31 and Theorem 13.11 We need to check (II). For any 
n G N and any measurable subset A C [0, T], 



G(s, X q -(s), v)(g n (s, v) - l)u{dv) \\ H ds 
< j j \\G(s,X^(s),v)\\ H \g n (s,v)-l\u(dv)ds 




i A 



< t / ll ?f; ( : ) ;i )l|g (^ii^Mii^M^)-iiK^ 

JaJx 1+\\X*>(s)\\h 



< (1+ sup \\X« n (s)\\ H ) / / \\G(s,v)\\o,H\g n (s,v)-l\u(dv)ds. 
se[o,T] J \ J: 

Given e > 0, by Lemma [3.51 we can find a compact subset K e C X such that 

\\G(s,v)\\o, H \9n(s,v) - l\v{dv)ds < e, Vn > 1. (3.30) 





I A J Kl 

On the other hand, by f!3.14p for any L > 0, we have 

\\G(s,v)\\o,H\g n (s,v) - l\y(dv)ds 

'A J K € 

< C{L) [ [ exp(L\\G(s,v)\\ , H )v(dv)ds + j [ [ l{g n {s,v))u{dv)ds 
J a Jkc l Jo Jx 

+ [ [ exp(\\G(s,v)\\ 0tH )u(dv)ds. (3.31) 
J a Jk € 

We also have 

r \\a(s,X^(s))f n {s)\\ H ds 

A 
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< / \\a(s, X^(s))\\ L2{H) \\f n (s)\\ H ds 



< 



y/I^yJ\\X^(sW H + l\\f n (s)\\ H ds 



T 



< /sup \\XHs)\\ 2 H + lX ( K( S )ds)( \\fn(s)\\ 2 H ds) 
Y sG[0,T] L J A JO 

< [[ K(s)dsf 2 x(l + C N ) 1 / 2 N 1 / 2 , 



1/2 



(3.32) 



where sup se[0T] \\X q -(s)\\ 2 H < C N and \\f n (s)\\% ds < N. 

Now for any r\ > 0, first choose e > such that (1 + C^)e < r//5, then select L > so 
that (1 + C N )N/L < 77/5. Finally since z/ r ([0,T] x K e ) = Tv(K t ) < 00, there exists 5 > 
such that for every measurable subset A C [0, T] satisfying At (^4) < 5, we have 



[1 + C N )C(L) [ [ exp(L||G( 



S,f)||o,if)^(^)^ < 77/5, 



and 



1 + CW) / / exp(||G(s,i;)||o,if)K^)^<77/5, 



Combining all these inequalities gives (II). 

Let X be any limit point of the sequence {X qn , n > 1}. Now we will prove that X = X q . 
Without loss of generality, we assume the whole sequence {X Qn } converges. 

An application of dominated convergence theorem shows that, along the convergent sub- 
sequence, 







(X qn (s),A*(j)}ds ^ / (X(s),A*</>)ds, V0G H A *. 
Jo 



(3.33) 



as n — > 00. Furthermore, using the convergence of X qn to X, and Lemma [3. 1[ we have that 



(G(s, X q "(s),v), <P) (g n (s, v) - l)v{dv)ds 



Jx 

t 



(G(s,X{s),v),<l>)(g n (s,v) - l)u(dv)ds ->• 0, V G V. 



(3.34) 



Jx 



Also, since X G C([0,T], H), we have for some k G (0, 00) 

KG(s,X(s),v)»|<«||<(?(s,«),0)||o^, V0 g V, V( s ,«)eX r . 



Combining this with Condition 12.21 and Lemma [3.51 we have, as n — > 00, 
'0 </x 

->• / [ (G{s,X{s),v),(j)){g{s,v) - l)v{dv)ds, V0 G V. 
Jo Jx 



(3.35) 
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We also have, for every G V, 



(a(s,X^{s))f n {s),(f>)ds- / (a{s,X(s))f{s),<l>)ds 



< 



\a(s,X^{s)) - a(s,X{s))\\ L2iir) \\f n {s)\\ H ds 



o 



< 



^K{s)\\X^(s)-X(s)\\ H \\f n (s)\\ H ds 



< 



+ / \\a(s,X(s))\\ L2{H) \\f n (s)-f(s)\\ H ds 
Jo 

ft 



H 



VW)\^\\X(S)\\ 2 H + nfn(s) ~ f(s)\\ H ds 



T 



\\fn(s)\\ 2 H ds 



sup \\X qn (s) -X(s)\\ H x / if(s)ds 

+ a / su p ii^wii^+i x ( [ T K( S )ds)H i wus) - /(,)n^) i/2 



o 



— > 0, as n — > oo. 



(3.36) 



Combining (I3.33p . (I3.34p . (I3.35|) and (I3.36p . we see that X must satisfy 



(AX s ,(P)ds+ / (<7(s,A:(s))/(s),0)da 



+ / / (G{s,X s ,v),<f>){g{s,v)-l)v{dv)ds, V0 G H 



(3.37) 



Since if,4. is dense in V, we have X = X q , completing the proof. 



Remark 2 Fix N G N. ffy i/ie proof of 113. 30\) . it is easy to see that, for ever rj > 0, there 
exists 5 > such that for any Ac [0, T] satisfying At (A) < <5 



sup 




||G(s,v)|| 0l jf|p(s,v) - l|i/(du)ds < 77. 



(3.38) 



We now verify the second part of Condition [57TJ The next theorem can be proved similarly 
as in Section 3 in [T8] . 



Theorem 3.4 Under Condition \2.2\ if Xq G H , there exists a unique H -valued progressively 
measurable process (X f e ) such that, X e G L 2 (0, T; V) D -D([0, T]; if) /or any T > and 



X^ds + Ve / o-(s,X s e )rf/3(s) + e ^ J G{s,X e s ,v)N e (dsdv), a.s.. (3.39) 



It follows from this theorem that, for every e > 0, there exists a measurable map £ e : 
V — > D([0, T]; if) such that, for any Poisson random measure n e on [0, T] x X with mean 
measure t At 

x v given on some probability space, G € (y/ef3, en e ) is the unique solution of 
( I3.39P with N e replaced by h e . 

Let (p e = (ij} e ,(p e ) G IA N and (p e = — G IA N . The following lemma follows from Lemma 
2.3 in El. 
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Lemma 3.6 

£f(<f) e ) := exp { / [0it]xXx[0)e -i] log(<j> e (s,x))N( ds dx dr) 

+ / (—(f) € (s,x) + l)v T ( ds dx dr)} 

and ^ t 

:=exp{i=^ Ms) dfts) - ± J \\A(s)\\ 2 ds} 

are {Ft}— martingales. Set 

Bt(AAe) ■■= £ e t (^)£ e M) 



then 



1(G) = [ E^^dF, for G e B(Y) 
Jg 



defines a probability measure on Y. 

By the fact that eN e under has the same law as that of eN t 1 under P, we know 
that X e = G e (^/3 + f ip £ (s) ds,eN e ~ ^) is the unique solution of the following controlled 
stochastic differential equation: 

X\ = X - f AX £ s ds+ [ a(s,X t s )ip e (s)ds + [ a(s,X e s )d/3(s) 
Jo Jo Jo 

+ So I G ( S, *'- ,V } ( eN6 ~ llpt ( dsdv ) -v{dv)ds^j 

= X - [ AX e s ds+ [ a(s,X e s )ip e (s)ds + V^ [ <?(s, X e s )df3{s) 
Jo Jo Jo 

+ [ [ G(s,X £ s ,v)(ip e (s,v)-l)is(dv)ds 
Jo Jx 

+ 1 f eG(s,X e s „,v) (N £ ~ 1,p <(dsdv) -e- 1 cp e {s,v)iy(dv)ds^ (3.40) 



'0 Jx 

The following estimates will be used later. 
Lemma 3.7 There exists e > 0, such that, 

sup E sup \\X{\\ 2 H < oo. (3.41) 

0<e<e 0<t<T 

Proof: By Ito's formula, 

= \\X \\ 2 H -2f (Xt,A*X* t )ds + 2 f (XI,a(s,X^ e (s))ds + 2V~e f a(s, Xf)Xl d(3 s 
Jo Jo Jo 

+ 2/ / <XlG(s,X e s ,v)>(tp £ (s,v)-l)is(dv)ds 
Jo Jx 

+ J q J ( 2 < tG(s,X e ^,v),X e s > + \\eG(s,X e s _,v)\\ 2 H ^ (N^^dsdv) - e- 1 cp e {s,v)u(dv)ds S j 
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+ ef f \\G(s,Xt,v)\\ 2 H <p e (s,v)v(dv)ds + e f \\cr(s, XI) \\\ 2{H) ds. (3.42) 
Jo Jx Jo 

The third term on right hand side of last equation is estimated as follows. 

2 [\x:,a(s,Xt)Ms))ds < 2 /*V s e |klk(^^ e )IU 2 (H)||^(«)lk da 
Jo Jo 

< f k\\ 2 h \\ms)\\ 2 h ds + tmii+wx^ds 

Jo Jo 

< f \\X:\\ 2 H {\\Ms)\\ 2 h + K(s)) ds+ f K{s) ds. (3.43) 
Jo Jo 

Denote the forth term on the right hand side of equation (I3.42p by W t . Then we have 



£[sup \W.\] < AE^V 

0<s<T 



< 8^[sup raW/ \\a( Sl Xl)\\l ds] 

0<s<T V Jo y ' 

< 4v^B[bu P ||X:|||]+4 v ^ J E;[/ T || ( T( S ,X:)||i 2(H) rf S ] 

0<s<T Jo 

< 4^ sup \\X* S \\ 2 H ] + Ay/iE[ f K(s)(l + ||X s e |||) ds] 

0<s<T Jo 

< 4v^(l + f K(s) ds)E[ sup \\Xl\\ 2 H ] +A^E[ [ K{s) ds]. (3.44) 

JO 0<s<T Jo 

The fifth term on the right hand side of equation (13.421) has the following bound. 

< X e s , G(s, X e s , v) > ((p e (s, v) - l)v(dv)ds 

< 2 1 I \\X:\\ H \\G(s,X:,v)\\ H \^(s,v)-l\v(dv)ds 
Jo Jx 

< 2 f /"||G( S ^)||o )ff (l + ||X s e |^)||X s e || ff |^( S)? ;)-l|K^)^ 




'0 Jx 
rt r 



< 2 / \\G{8,v)\\ , H (l + 2\\Xt\\i I )\<p e (s,v)-l\u(dv)ds 
Jo Jx 



< 2C& + 4 /' / \\G(s,v)\\oM\XI\\lMs,v)-l\^dv)ds, (3.45) 




Jx 



where Cq X is the constant from Lemma 13.11 
The seventh term in (13. 42p is bounded by, 




' \\G(s,X e s ,v)\\ 2 H <p e ( 8 ,v)v(dv)ds 
'o Jx 

Jo Jx 
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< 2eC& + 2e f / ||G( S ,t;)||^||X s 1> £ ( S ^)z/(^)^, (3.46) 
Jo Jx 



where constant Cq 2 was defined in Lemma 13 . 1 1 
The last term in f)3.42p is bounded by, 



e flW&Xmiwds < e f K{s){l + \\Xlf H )ds 
Jo Jo 

< el \\X e s \\ 2 H K{s) ds + t [ K{s)ds. (3.47) 
Jo Jo 



Set 

ft 



M t = < 2eG{s,X e s _,v),X e s > (iV e '^{dsdv) - e- 1 (p e (s,v)u(dv)ds 

Jo Jx ^ 

and 

K t = ( I \\eG(s,X e s _,v)\\ 2 H (N e ~ lv '(dsdv) - e~ 1 <p t (s,v)v(dv)ds^ . 



JX 

We have 

E[ sup \K t \] < E[ sup f [ WeGis^^^mN^^idsdv)} 

0<t<T 0<t<TJo JX 

+eE[[ [ \\G{s,XI,v)\\ 2 H ip e (s,v)u(dv)ds] 
Jo Jx 

<2eE[[ [ \\G(s,X e s ,v)\\ 2 H <pe(s,v)v(dv)ds] 
Jo Jx 

<AeE[[ ! ||G( a| t;)||; |H (l + ||X;||| r )v» e (a,i;Mdi;)d«] 
Jo Jx 

<4cCg,(l + E[sup \\Xtf H \). (3.48) 

0<t<T 



For the martingale M t , we have 



E[ sup \M t \] < 4E^[M] T 

0<t<T 

< 4e|^ J | < 2eG(s,X e s _,v),X € s > \ 2 N £ ^{dsdv)\ 

< 8eE { jf J \\G(s, Xl_, v) \\l\\Xt\\ 2 H N^ (dsdv) } ' 



< 8eE( sup \\X e s \\ H 




\\G(s,Xl_,v)\\ 2 H N^(dsdv)\ 



X- HSU-"/ I I II \ J S — ' /II XI \ / 

0<t<T {Jo Jx J 

<^E[sup \\Xl\\ 2 H ] + 16e 2 CE[[ T [ \\G(s, X\_, v)\\ 2 H N^(dsdv)] 

^ 0<t<T Jo Jx 

l E[sup \\XI\\ 2 H ] + 16eCE[ f I \\G(a,Xl_,v)f H <p e (s,v)v(dv)da\ 



C 



0<t<T Jo JX 



<-^E[sup ||X:||i]+32 e CC Ar 2 (l + E[sup \\Xl\\ 2 H ]) 

O 0<t<T 0<t<T 
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< 32eCC A 2 + (i + 32eCC A 2 )E[ sup \\X e s \\ 2 H ], (3.49) 

t> 0<t<T 

where C is any positive number. 

Set if = J? K(s)ds. Combining the estimates (I3T431 . (I5^5]l . ( EgJ) and (13TI7j) . we have 



Ml 2 



t IIH 

< (\\X \\ 2 H + (l + e)K + sup \W t \+2C» 1 + 2eC* r 2 + sup \K t \ + sup \M t \) 

0<t<T 0<t<T 0<t<T 



+ l\\X:\\ 2 H -(\\A(s)\\ 2 H + (l + e)K(s)+ I (4\\G(s,v)\\ 0!H \<Pe(s,v)-l\ 
+2e\\G(s,v)\\l H ^ e (s,v))u(dv)) ds. 



By Grownwall's inequality and Lemma [3.11 we get 

11**11* < (ll^o||^+(l + e)^+ sup \W t \+2C» 1 + 2eC» 2 + sup \K t \ + sup \M t \) 

0<t<T 0<t<T 0<t<T 

_ e (N+{l+e)K+iC^+2eC^ 2 ) _ 

Set Co = e W+*)«+^i+< a ). By ([331]), and (J33HD, we have 

E[ sup \\X e t \\ 2 H ] < C (e\\Xo\\ 2 h + 2Cft + 2eC& + 4eC* 2 + 32eCC A 2 + (1 + e + 4^)^ 

0<t<T \ 

+C (4e<7& + i + 32 e CC& + 4^(1 + if)) E[ sup 

\ O / 0<<<T 

Since constant C can be arbitrarily large, we can select C and eo small enough, such that 

Co (teoC^ + i + 32e CK# 2 + 4^(1 + if)) < ~ 

Therefore, we have 

sup E sup ||* t e ||# 

0<e<e 0<t<T 

< 2C (e||1 ||| + 2C& + 2e C A 2 + 4e C£ 2 + 32e CU A 2 + (1 + e + 4^o~)if) 

< oo. 

■ 

The following proof of estimates (I3.50p and (I3.60P was inspired by the method in [T5] . 
Lemma 3.8 There exists eo > 0, such that, for any to G [0, T], < e < eo, 

1 oo 

(--4e 1 / 2 )E[ sup ^|(^,e ?; )| 2 ] (3.50) 

< V(X^,e,) 2 + (8iV+129e)(/ K(s)ds)E[(l+ sup ||X t e ||^) 2 ] 
~^ o<t<t 

+4E[(1+ sup ||X 4 1^) 2 ] • sup f r / ||G?(s,i;)||o,H|</(s,u)-l|K^)ds 
o<t<t ges^ \Jo Jx 



+ (4e 1 / 2 + 2e)E[(l+ sup \\X^\\ H ) 2 ] ■ sup / / ||G(s, u) || 2 ^(s, v)u{dv)ds. 

0<t<t g<=S N JO 
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Proof: Recall that {e^, k > 1} is an orthonormal basis of the Hilbert space H. For 
convenience, let V/ = (X € ,ei). Then 

= <Xt,e, t > 

= <X ,ei>-d / r/(s)rfs+ / (a(s,Xl)^ e (s),ei) ds + I a(s, X e s )d[3(s), ei ) 
Jo Jo Jo 

+ [ [ < G(s,X e s ,v),ei > (<p e (s,v) - l)v(dv)ds 

Jo Jx 

+ [ [ <eG(s,X e s _,v),ei> N e ~ 1<p <(dsdv). 

Jo Jx 

By Ito's formula, 

|F/(t)| 2 = | <X ,e t > | 2 -20 [ t \Y*\ 2 (s)ds + 2 f Y;(s)(a(s,X^ e (s),e z ) ds 

Jo Jo 

+2V~e([ Yl{s)a{s,Xl)d(5{s),e l )+t [ \\a*(s, X^l ds 
Jo Jo 

+2 [ [ Y?(s) < G(s,X*,v), ei > (<p € (s,v) - l)v(dv)ds 
Jo Jx 

+ J o J (< 2eG(s,X e s _,v),Y i e (s-)e i > +\e < G(s, X e s _, v), a > | 2 ) N^^{dsdv) 

+e [ [ | < G{s,X t s _,v),e i > \ 2 Lp e {s,v)v(dv)ds. (3.51) 
Jo Jx 

Therefore, for t > 0, we obtain 

oo 

snp ]T|Y7(t)| 2 

°<t<to ^ 

oo „ tQ oo 

< ^1 <X , ei > | 2 + 2 / 1^(5,^)11^)11^(5)1^11^^(5)^1^^ 

i=k ^° i=k 

oo „ t „ to oo 

+2^ snp J2( Y*(s)a(s,X:)dP(s),e t ) + e / £ \\a*(s, Xt)e t \\ 2 H ds 
o<t<t . =k Jo Jo i=k 

+2 r / I < G(s,Xlv),jTYi(s)ei > (<p e (s,v) - l)\v{dv)ds 
Jo Jx i=k 

+2 sup / \<eG(s,X e s _,v),y2Y i e (s-)e i >\N e ~ 1 ^(dsdv) 
0<t<t Jo Jx ~* k 

+2 [° [ \\€G(s,X e s ,v)\\ 2 H N e ~ lv '(dsdv). (3.52) 
Jo Jx 

Firstly, we estimate the second term on the right hand side of the above inequality. 

"t 



2E[ / \\a(s,Xl)\\ L2{H) \\^(s)\\ H \\ Y,m*)*i\\H ds] 

JO A-U 



i=k 

< g^Ijf \\A(s)\\ 2 H \\ g 1700*11?, ds] + &NE[J* K(s)(l + \\X:\\ 2 H ) ds] 
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i 00 rto 

< -E[sup J2\y:(t)\ 2 ] + 8N( K(s)ds)E[(l+ sup \\X^\\ H ) 2 }. (3.53) 

O 0<t<t ~l JO 0<t<t o 



i=k 

The third term is bounded by, 

00 rt 



2^ sup V(/ F/( S )a( S ,X s £ )rf/3( S ),e,)] 
o<t<t ~T k Jo 



lk(s.*, < )llL a ( ff )llEl y <"( t ) e 'llH <fe ] 

i=k 

°° / /-*o _ 

< 8^[(sup \\J2 Y :^Wh)\ \W(s,Xl)\\l ds] 

o<t<t ^ V Jo 

< -£[sup ^|r/(t)| 2 ] + 128 eJ E[/ \\a(s,X:)\\i 2{H) ds] 

< -£[sup ^|F/(t)| 2 ] + 128e(/ K(s)ds)E[(l + sup ||^||„) 2 ]- (3.54) 

o 0<t<t ~7 Jo 0<i<< 



The forth term is estimated as follows, 

-to 00 



eE[ ^e^ds] 
Jo i=k 

< eE[f°\\a(s,Xt)\\ 2 L2{H) ds] 

Jo 

< e{[ ° K(s)ds)E[(l + sup \\X*\\ H ) 2 ]. (3.55) 

Jo 0<t<t 



The fifth term is bounded by, 

rto 



E[[° [ \<G(s,XZ,v),f]Y?(s)e i >\-\ ( p e (s,v)-l\v(dv)ds] 
Jo Jx i=k 

< E[f° I ||G( S ,X:,t;)||^f;|r/( s )| 2 )^|v, e ( S ,t;)-l|K^] 

Jo Jx i=k 

< E[sup (f>/(s)| 2 )^ T / \\G( S ,XI,v)\\ H \(pe(s,v)-l\v(dv)ds} 

0<t<t ~i Jo Jx 



=k 

00 



< l -E[ sup (£ms)\ 2 )}+2E[([ t0 [ \\G(s,X:,v)\\ H \ Vt ( S ,v)-lHdv)ds) 2 ] 

° 0<t<t Jo Jx 

00 

< -e[su P (£ms)\ 2 )] 

+ 2£[(1 + sup ||X t e ||) 2 ].sup(/° / \\G{s,v)\\o, H \9M-l\v{dv)ds) 2 (3.56) 
o<t<t ^es^ Jo Jx 

Set 

M t := / <eG(s,X:_,t;),VF/( S -)e l >iV^ 1 ^(^). 
./o Jx i=k 
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Then we have, 



E[ sup \M t \] < ^vWk 

0<t<* 

r-to 

< 



4E{ [° I | < eG(s,X s e _,v), Vy; e (s-)ei > | 2 iV e V (dscfo)}5 
io Jx i=fc 

< AE{f° I \\eG{s,Xl_M\\\^\Yl{s-)\ 2 )N^{dsdv)^ 

./o ./x i=k 

< AE[{e^ sup ^|r/(t)| 2 }^-{/ / ei||G( S ,X:_, W )|| 2 ^-V ( ^ )} lj 

0<t<t ~T Jo Jx 



i=k 

< 2E[e^ sup jr\Ym 2 ] + mP [ ^\\G{s,Xl_,v)\\ 2 N^{dsdv)} 
o<t<t ~^ Jo Jx 

< 2e*E[sup jr\Ym 2 } + ^E[[ t0 I \\G{s,JiZ_,v)\\ 2 <p e {8,v)v{v)d8] 
o<t<t ~Z Jo Jx 



i=k 

00 



< 2e*£[sup X)l y i e (*)| S 

0<t<t — 



i=k 



+2e4£[(l+ sup \\Xl\\f}{j t0 I \\G(s,v)\\l H <p e (s,v)u(v)ds) 
0<t<t Jo Jx 

00 

< 2e^[sup ^|F/(t)| 2 ] 

0<t<to . =Jfe 

+2e*E[{l+ sup ||l t e ||) 2 ]- sup(/° / \\G(s,v)\\l H g(s,v)u(v)ds) 
o<t<t g es N Jo Jx 

(3.57) 

The upper bound of the last term in (I3.52p is given by, 



E[j° J \\eG(s,Xt,v)\\ 2 H N^(dsdv)\ 



< eE[f° [ \\G(s,XI,v)\\ 2 H <p e (s,v)u(dv)ds] 

Jo Jx 

< eE[(l+ sup M|) 2 ]- sup(/° I \\G(s,v)\\l H g(s,vnv)ds). (3.58) 

o<t<t g es N Jo Jx 

Therefore, combining the above inequalities, we get 



E[ sup ^|r/(t)| 2 ] 

o<t<* i=k 

00 -.00 

< ^|<X , ei >| 2 + (i + 4 e i)£;[su P QT|>7( S )| 2 )] 

i=k 2 °^*> i=k 

+(8iV + 129e)( / ° K(s)ds)E[{l+ sup \\X e t \\) 2 ] 

Jo 0<t<t 
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+AE[(1+ sup ||X t l) 2 ]- sup(/'° / \\G(s,v)\\ 0jH \g(s } v)-l\v(dv)ds) 2 




0<t<t g£§ N JO 

sup II^H) 2 ] 
o<t<t ge §jv j 



+ (4et+2e)E[(l+ sup ||X t e ||) 2 ] • sup ( / ° / \\G(s,v)\\l H g(s,v)u(v)ds) (3.59) 




Lemma 3.9 There exists e > ; such that, for any t e [0, T], 

oo 

sup sup E sup ^2\(X £ t ,ei)\ 2 <e- 2Ckt0 C. (3.60) 

0<e<eo 4> e ={4> e , 9e )ai N to<t<T i=k 

Proof: By f)3.5ip . we have 

OO OO pf oo 

i=fc i=fc ^ i=fc 

(G(s, X^, v), V F/( S ) ei )}(^ e ( S) u) - l)u(dv)ds 

- : i=k 

(eG(s, X s e , u), V r/( S )e,))iV^V e ( dv? ds) 

- : i=k 

+ / / V|(eG( S ,X>),eO>| 2 A^ ( ^ ;rfs) 
./o Jx i=k 

nt _ oo 

70 i=fc 
+2 / ^(s^D^^^y^s)^}^ 



i=fc 

+e /V(^^)IIL(H)^ 
./q 

OO „£ OO 



< ^(X ,e,) 2 -2C fc / £|l?(*)r<fe 

+2 / T / |(G( S ,X:,^),f;y/( S )e,))(^( S ,t;)-l)|z/(^)^ 
(eG(s, XI, v), Y?( 8 )e i ))N'- 1 '* (dv, ds) | 

+ 1 I f2\^ G ( s ^:,v), ei ))\ 2 N^(dv,ds) 

Jo Jx i=k 

+2 sup | / (V~eo-(s,XI)d/3 s ,J2 Y i( s ) e i)\ 

+2 / ||(7( S) x s e )v e (s)||H|| Vy/( s ) ei ||^ 
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+e [ \\a(s,X*)\\ 2 L2{H) ds 
Jo 

= h-h + 2/ 3 + 2/4 + h + 2J 6 + 2/ 7 + J 8 , 

by the Gronwall's inequality this implies that 

00 

l y /W| 2 ^ e- 2 ^*[7! + 2/3 + 2/ 4 + J 5 + 2J 6 + 21? + I s }. 

i=k 

Hence, for any t > 0, we have 

00 

sup V |F/(t)| 2 < e- 2 ^[h + 2/3 + 2/4 + h + 2/ 6 + 2J 7 + I 8 }. 

to<t<T^ k 



(3.61) 



EJ, < E 




< E 



< E 



sup (\\Xl\\ H + \\Xl\\ 2 H ) ■ / / \\G(s,v)\\ , H \<p e (s,v)-l\v(dv)ds (3.62) 

0<s<T Jo Jx 

■T 



(1 + 2 sup \\Xlf H ) 

0<s<T 



■ sup 

g€S N JO 




\\G(s,v)\\o, H \g(s,v) - l\u(dv)ds, 



EI 4 < E 

< E 

< E 

< e 1 ' 2 



pi p ^ 1 

( / / \(eG(s,X:,v),J2yns)e t ))\ 2 N^(dv,ds)) 1 
Jo Jx i=k 

( So L e2 l|G(s ' * i v) {dv > ds) ) l/2 \ 

U /2 sup ||X s l^) 1/2 ( f [ e^Gis^XlvmN^idv^s)) 1 ' 
E( sup ll^lll) + e 1 / 2 E ( / T / ||G( S ,X:,t;)||^( S ,t;)z/(^)^) 



< eV 2 E sup \\X%\ +eV 2 E 1+ sup ||^|| H 

v 0<s<T ' LV 0<s<T 




Jx 



< e 



V 2 e( sup ||X s 1 2 ,)+ e 1 /2 E (l+ sup \\Xl\\ n \ 2 

• sup / / ||G(s,u)||o )H y(s,u)i/(du)ds, (3.63) 
g es N Jo Jx 



E/ 5 < eE(/ /lIG^^^H^s^Md^tfe) 

||G( S ,^)|| 2 ^( S ,^)^)d S , (3.64) 



< eE( 1 + sup \\X e s \\ H ) ■ sup 

0<s<T / geS N Jo 
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e/ 6 < v&{[j lk(^^)ll! 2 (H)II^IIM 1/2 } 

< y/eE[ sup \\X e s \\ 2 H + 1] x [ f K(s)ds} 1/2 , (3.65) 
sefo,Tl Jo 



sup EI 7 < E [ y/J^y/\\Xl\\% + l\\Xl\\ H \\Ms)\\Hds 
Acs N Jo 

< E[ sup + 1] x ( f K(s)ds + N), (3.66) 

s<=[0,T] Wo ' 



E/a < eE[ sup ||X s e ||^ + l]x / if(s)tZs, (3.67) 
sefo.rl Jo 



se[o,r] 

By (JMID-dSSZD, Lemma EH and (ICT]) . we have 

oo 

sup sup E sup ^T\Y*(t)\ 2 < e~ 2Ckt °C N . 

0<e<e ^=^ e>v>e )&iN t <t<T . =k 



Remark 3 By Lemma WlS. Remark^ (fff.^-Zp ; ( CZ 5U\) and the integrability ofK(s), for every 
< e < eo and 77 > 0, there exists to G [0, T] stzc/i t/iat 

00 00 

(1/2 - 4e 1 / 2 )E[ sup £ I e.) | 2 ] < J^^o, e l ) 2 +C V + C(e 1 ' 2 + e) (3.68) 
°^ f ° l=k i=k 

In the sequel, the next two tightness results in D([0, T], if) and D([0, T], R) will be used. 

Lemma 3.10 (JT$ ) Let H be a separable Hilbert space with the inner product (•, •). For an 
orthonormal basis {ek\k&i in H , define the function r 2 N : H —> R + by 



k>N+l 



Let D be closed under addition which is a total subset of H. 

Then the sequence {X n } ne ^ of stochastic processes with trajectories in D([0,T], H) is 
tight iff it is D-weakly tight and for every e > 

lim limsupPfr^(X n (s)) > e for some s, < s < t) -> 0. (3.69) 

Here we say a H- valued sequence {X n } n( zfq is" D-weakly tight" (in ([!%])) if (X n , (f>) as a 
M- valued sequence is tight, for every <fi G D. 

In order to prove "D-weakly tight" in Lemma 13.101 we need the tightness result in 
D([0,T],M); and one can refer to [3]. 
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Let {y e } ee (o i£0 ] be a sequence of random elements of £)([0,T],R), and {r t ,5 t } be such 
that: 

(a) for each e, r e is a stopping time with respect to the natural a-fields, and takes only 
finitely many values. 

(6) for each e, the constant 5 t £ [0, T] and 5 t — > as e — > 0. 

We introduce the following condition on {Y e } : for each sequence {r e , 5 e } satisfying (a)(6), 

Condition (A) ^ e (r e + 5 e ) - F e (r e ) ->• 0, as e -)■ 0, in probability. 

For / £ D([0,T\,R), let J(/) denote the maximum of the jump \f(t) - f(t-)\. 

Lemma 3.11 (fljj ) Suppose that {Y e } t< zfq satisfies Condition (A), and either {Y e (0)} and 
{J(Y e )} are tight on the line; or {Y e (t)} is tight on the line for each t £ [0,T], then {Y e } 
is tight in D([0,T],R). 

Theorem 3.5 Fix M £ N, and let <p t = (ip e , <p e ), <p = (Vs { P) £ U M be such that <p e converges 
in distribution to u as e — > 0. Then 

G e (yfe(3+ [ i) t {s)ds : eN e ~ l ^)^G°{f if;(s)ds,u^. 
Jo Jo 

Proof: First, we prove that Q e {^(3 + f i/) e (s)ds, eN e ~^) is tight in D([0, T], H). We will 
use Lemma [3 .101 and Lemma [3.111 to prove this result. 

By (13T68|) and fl3~60|) . it follows that for any 5 > and t < T, 

oo 

sup sup P( sup y^(X t e ,ej) 2 > 5) 

0<e<eo <t> e =(i(, e ,<p e )<Ei(X 0<t<T . =fc 

oo 

< 5" 1 sup sup E( sup e^) 2 ) 

0<e<e <f> e =(^ e ,tp e )eU N 0<*<*o j=fe 

oo 

+<5 _1 sup sup E( sup y~^(X t e , e^) 2 ) 

0<e<e 4> e =(i, e ,ip e )eU N t <t<T . =k 

=■■ (/)+(//). 

By estimates (13.50p . for any e > 0, there exists i^i > and t > 0, such that for any 
k > K\ and t < t , we have (/)<§. 

Fixing a constant < to < to? by estimates (I3.60p . we know that there exists constant 
K2 > 0, such that for any k > K2, 

(II) < e~ 2Ckto C < ~. (3.70) 

Since e, we have 

00 

lim sup sup P( sup y (X t e ,ej) 2 > 5) = 0. 
fe^oo < e < eog _ We)V , e)6 ^ 0<t<T^ 

Hence by Lemma 13.10} we only need to prove that, for every (p £ -f^^*, (G t (^(3 + 
J Q ?p e (s)ds, eN 6 ' 1 ^), 0) is tight in D([0, T], R). 
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For convenience, denote (G e (^(3 + J V> e (s)ds, eN € 0) by Y e . We will check that Y e 
satisfies the condition of Lemma 13.111 
By (12311), 

sup F(|y e (t)| > L) < C/L 2 , 

0<e<e 

hence {Y e (t)} is tight on the line for each t e [0, T\. 

Hence it remains to prove Y e satisfy Condition (A). For each sequence {r e , 5 e } satisfying 
(a)(6), 

T e +<5 £ 



Y\r e + 5 e )-Y\r t ) = - (X^s), A*<j)}ds 

J TV 



I {G(s,X t (s),v),(f)}[eN e ~^(dv J ds) - v(dv)ds 

/•T e +5 e ^ 

+ / (y/ia(3,X e (8))dP B ,<f>) 

J TV. 

+ / (a( Sj X*(s))Ms),<i>}ds 

T e +5 C _ 

(X e (s),A*(j))ds 

TV 

+ / (G(s,X t (s),v),(f)}eN e ' llpc (dv,ds) 

Jr e JX 

+ / / (G(s,X e (s) 7 v), ( j ) }( ( p e -l)u(dv)ds 
Jti Jx 

+ / (V~ea{s,X\s))d(3 s ,4>) 

/•TV+<5 £ 

+ / (a(s,X e (s))^ e (s),<l>}ds 

J TV 

I 1 + I 2 + I 3 + I 4 + I 5 , (3.71) 



E(\I l \)<6 e \\A*<f>\\ 2 H + ® r +5e \ms)f H ds<5j\\A*n 2 H + E( sup \\X*(s)\\%)), (3.72) 

Jr f V se[0,T] 1 



E(|/ 2 | 2 ) < ||eG( S ,X e ( S ),t;)||^||0||^-V,(^s)z/(^)^) (3.73) 

~ \ r T r 

|2 / tc „ II ve^„Ml2 i i \ „ / / ll/^/„ „,M|2 



< e||* E sup ||X e ( S )||^ + l sup / / \\G(s,v)\\i >H g(v,s)p(dv)ds, 

sE[0,T] 7 9 g5 M JO JX 



E(|/ 3 |) < E(y" +5e y ||G( S ,X e ( S ),i;)|| H ||0|| H |^-l|z/(^)d S 

< ||0|| h e((1+ sup ||X e ( S )|| H ) / +C / ||G( S ,t;)|| .i/|^-l|K^)^ 

V S6[0,T] Jr e JX 
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By the same argument leading to (I3.30p . we can show that, for every rj > 0, there exists 
5 > 0, such that 

sup / / \\G{s,v)\\ 0;H \g{v,s)-l\v{dv)ds<r}, Vie [0,T], \ T (A) < 6. 

g&S M J A Jx 



Hence, if 5 e < 5, we deduce that 



E(|J 3 |) < vU\\ H m+ sup \\X*(s)\\ H ). (3.74) 

se[o,T] 



For the terms in I4 and -Z5, we have 



E(|/ 4 | 2 ) < e||0||iE / 

./q 

< eUWUn^P \\X e (s)\\ 2 H ] + l)x [ K(s)ds; (3.75) 
sefo,r] Jo 



E(|/ 5 |) < U\\ H E / ||(7( a , x e ( s ))|U 2W ||^( s )||^ 

</-r e 



rr E +o E 1 — — 

< U\\ H E ^W)^/\\X^s)f H + l\\Ms)\\Hds 

J T c 

< M^U\\ H E\ sup yJ\\X<(s)\\ 2 H + l x[r +5t K(s)d i 



where M = / Q T ||^ £ (s)||^ds. 

Since #(•) G #([0, T], R), there exists 5 > such that, if <5 e < 5, 



E(|/ 6 |) < vM^HUn ./sup + (3.76) 

By (13. 721) - (13. 761) and Chebyshev inequality, we see that Condition (A) holds. Thus we 

have proved that G e (^e(3 + J ^ e (s)ds, eiV^ 1 *^) is tight in D([0, T], H). 

Finally, we prove that G°(J Q 4>(s)ds, z/ ) is the unique limit point of G e (y/e(3+ J Q ip t (s)ds, eN e 1<fic ). 
Note that X e satisfies 

(jT(t),0> = (X ,<f>)- [ (X\s),A*<P)ds 

Jo 

+ [ [ (G(s,X e (s-),v),<j))eN e ~ 1 ^(dv,ds) 
Jo Jx 



+ J J (G(s,X e (s),v),cj ) )^ £ -l)u(dv)ds (3.77) 

+ / (V~ea(s,X*(s))dP s ,<P) 
Jo 

{a(s } X e (s))^ e {s),(f)}ds, V0 G V. 
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Denote M\t) = f* y/ea(s, X e (s))d/3 S and M e {t) = £ f x G(s, X € (s-),v)eN e ^{dv,ds). 
Since 



E(sup ||M e ( S )||^) < eE f \Ws,X*(s))\\ 2 L2(H) ds 
se[o,T] Jo 

< e / K(s)ds(E sup ||X e (s)||^ + 1) 

JO sGfO.Tl 



and 

eT 



E( sup ||M e (s)||^) < E( / / \\G(s,X e (s-),v)e\\ 2 H e- l v £ u(dv)ds) 
se[o,T] Wo Jx ' 

(1 + ||X^-)|| H ) 2 
< eE((l+ sup \\X^s)\\ H ) 2 [ [ \\G(s,v)\\l H p £ u(dv)ds), 



se[o,T] Jo Jx 

by Lemma IO and (131T1) JkT and M e 0, as e -> 0. 

Choose a subsequence along which (X e , « e , M e , M e ) converges to (X, it, 0, 0) in distri- 
bution. By the Skorokhod representation theorem, we may assume (X e , u e , M t , M e ) — > 
(X, u, 0, 0) almost surely 

Note that convergence in Skorokhod topology to a continuous limit is equivalent to the 
uniform convergence, and C([0, T], H) is a closed subset of D([0,T], H). Hence 

lim sup ||M e (s)||^ = 0, F-a.s.. 

e -^°se[o,T] 

Since X e - M e G C([0, T], H) and X e - M e -> X almost surely in £>([0, T], if), we have 
X G C([0,T],F), and 

lim sup ||X e (s) -X(s)||| = 0, F-a.s.. 

Along the same lines of the proof of Theorem 13. II and Proposition 13.31 letting, e — > 0, we 
see that X must solve 



(X(t),<f>) = (X o ,0>- / (X(s) 7 A*<j ) )ds+ / (a(s,X(s))tP(s),<j))ds 

Jo Jo 

+ [ I (G{s,X{s),v),<t>){cp-l)v{dv)ds, V0 G V. (3.78) 



Jo Jx 

By the uniqueness, this gives that X = G°(f 4>(s)ds, v^). Proof is completed. 
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